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M30TOnMHECKME IIAPbl H MX 
nPEHCTABJIEHVLH. II. OEIIIMH CynEPCJIYHAM. 
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H30TonHiecKHe napbi, ajireSpan^ecKiie oBteKTbi, nocpe^ecTBOM kotopmx npe- 
/[CTaB jiaeTCH y,no6HMM onHCtiBaTb HercoTopbie cpopMbi HeraMHJibTOHOBa B3a- 
HMOfleecTBHs (MarHHTHoro Tuna) raMmitTOHOBbix chctcm Ha KBaHTOBOM ypoB- 
He, paccM aTpHB aio tch b MaKCHMantHoe oSmaoc™ b paMKax <popMajiH3Ma bck- 
TopHoe cynepajireSpbi. 
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B nepBoe ^ac™ paSoTbi, nocBjniieHHoe looTonEraecKHM napaM h hx npe,a;- 
CTaBJieHHHM, paccMaTpHBajiHCB mhcto MeTHbie H30TonHMecKHe napbi [1]. 0,n- 
HaKo, KaK c TeopeTHMecKoe, TaK h c npHKJia^Hoe tombk 3peHHs hmggt cmbicji 
Hccjie^oBaTb Hapa/jy c mhcto mgthbimh oSteKTaMH hx He^eTHbie h cynep- 
q^i aHajiora [2]. B ^aHHoe BTopoe ^ac™ H30TonEraecKHe napbi H3yMaiOTCfl bo 

Bcee o6io;hocth. 

^ 1. M30TonH^iecKHe napti: onpe^ejieHHii h npuMepti. 06o3HaMHM 

AxYZ =(-l)P( X MY)+p(Y)p(Z)+ P (Z)p(X) 

B X yzw =(-l)P( x )p( y )+p( y )p( z )+p( z )p( w/ )+p( w/ )p( x ) , 
r^;e p(X) = 0, 1 — mgthoctb ajieMeHTa X. 

Onpe^ejiemie 1. Ilapa (VijVa) jmHeeHbix cynepnpocTpaHCTB Vi = V® © V* 
(i = 1,2) Ha3BiBaeTca u3omonuuecKoe napoe (isotopic pair), ecjiH h tojibko 
ecjiH onpe^ejieHbi pa (^eTHBix) OToSpajKeHHs m\ : V 2 <8> V± ® Vi i— > Vi h 
?Ti2 '■ Vi <g> V% <%> V2 i—> V% TaKHe, hto onepaB,HH (X, Y) \— > [X, Y]u = rriiiU, X, Y) = 
AxurmiU, Y, X) (i = 1, 2; X,Y e V u U e V 2 hjih X, Y E V 2 , U E Vi), HasBmae- 

Mbie H30KOMMyTaTOpaMH (c H30TOnHMeCKHMH 3 JieMeHTaMH U), y^OBJieTBOpHHDT 
TO>K^eCTBaM 

A VYZ [[X, Y] v , Z] v + A UZV [X, [Z, Y}u] v + A XZU [[Z, X]u, Y} v + 
B VZYU [[X, Y] v , Z}u+ [X, [Z, Y} v }u + B XZUV [[Z, X} v , Y] v = 

(aHaJioraM TOfmecTBa HkoSh) h corjiacoBaHBi Me>Kffy coSoe: 

[X,Y] [UjV]z = ±(A VYZ [[X,Y}u,Z} v + [X, [Z,Y] v ]u + B xzuv [[Z,X] v ,Y)u)- 
\{Bvzyu[[X> Y] v , Z]u + A UZV [X, [Z, Y] v ] v + A XZU [[Z, X] v , Y] v ) 



r^e X,Y,Z E V u U,V E V 2 hjih X,Y,Z E V 2 , U,V E V x . IIapa (Vx,V 2 ) 
jiHHeeHMx cynepnpocTpaHCTB Vi = V i ©V^ {% = 1, 2) Ha3BiBaeTca cynepeopdano- 
eoe napoe (super- Jordan pair), ecjiH h tojibko ecjiH onpe^ejieHbi ,zrBa (mcthbix) 
OTo6pa>KeHHH mi : V 2 <S> V\ <S> V\ \— > V\ h m 2 '■ V\ <S> V 2 <S> V 2 \— > V 2 TaKHe, mto on- 
epairHH (X,Y) ^ X oY = rrn(U, X, Y) = A X uYm t (U, Y, X) (i = 1, 2; X, Y E Vi, 

U E V 2 hjih X,Y E V 2 , U E V\) corjiacoBaHBi Me>K,ay coSoe cjie^yionrHM o6pa- 
30m: 

x o y =x o (z o y) - A V yz{x o y) o z-B XZU v(z o x) o y 

UoV U V U V V u 

z 

me X,Y,Z E V\, U,V E V 2 hjih X,Y,Z E V 2 , U, V E V x . CynepajireSpa 
JIh g TaKaa, hto napa cynepnpocTpaHCTB (g, g) Ha^ejieHa g-9KBHBapHaHTHoe 
CTpyKTypoe H30TonHMecKoe napbi c H30KOMMy TaTopaMH , corjiacoBaHHBiMH c 
hcxo^hbimh cynepcKoSKaMH JIh b g, Ha3BraaeTca MazHurrmoe cynepajize6poe JIu 
(magnetic Lie algebra). 

06cy,a,HM 9to onpe^ejieHHe. 

Bo-nepBbix, otmcthm, hto .ziaHHoe onpe^ejieHHe hsotoiihmgckhx nap hbjih- 
eTca Sojiee oShthm no othohibhhio k onpe^ejieHHio paSoT [1,3], b kotopbix 
paccMaTpHBajica ^hcto ^erabie cjiy^ae. 

Bo-btopbix, onpe^ejieHHe HsoTonn^ecKoe napBi MoateT paccMaTpHBaTBca 
KaK pe3yjibTaT aKCHOMaTH3au,HH cjie^yioniee KOHCTpyKnHH: nycTB A - - ac- 
connaTHBHaa cynepajireSpa, Hanp. MaTpHHHaa, V\, V 2 — ppa, jihhgghbix no,zi- 
npocTpaHCTBa b Hee TaKHe, mto Vi, V 2 3aMKHyTBi othochtc jibho H30KOMMyTa- 
topob (X, y) i— > [X, Y]u = XUY — AxuyYUX c H30TonH^ecKHMH ajieMenraMH 
U H3 V 2 , V\, cooTBeTCTBeHHO. Onpe^ejieHHe cynepeop^aHOBoe napbi nojiy^a- 
eTca aHajiorHMHBiM o6pa30M, ecjiH BMecTO H30KOMMyTaTopoB paccMaTpHBaTB 
onepanHH X o Y = XUY + AxuyYUX . YKasamiaa KOHCTpyKirna npoacHaeT 

Ha3B aHHe " H30TonHqecKaa napa": b caMOM .ziejie, H30KOMMyTaTop [X, Y]jj 
ynoBJieTBopaeT cooTHonieHHaM Q[X,Y]q = [QX, QY], [X,Y]qQ = [XQ,YQ], 

HHBIMH CJIOBaMH, H30TOneH oSblMHOMy (cynep)KOMMyTaTOpy. Fl30TOnHH B 

3tom cjiy^iae He o6a3aTejiBHo HeBBipojK^eHBi (T.e. Q~ x He Bcer^a cyniecTByeT) , 
ho JiHHeeHBi, h 3a,zraiOTca npn noMornH JieBoro hjih npaBoro yMHWKeHHa b 
aJireSpe A: X hh» QX hjih X \— > XQ. Otmbthm, mto oSrnHe h30toiihh aji- 
reSp HMeiOT Sojiee cjio>KHBie bh^, MeM HcnojiB3yeMBie b .ziaHHoe KOHCTpyKnHH 
[4]. HanpHMep, hm66t cmbicji paccMaTpHBaTB TaK»ce HejiHHeeHBie kb a,zrp eithm- 
HBie H30TonHH BH/ja X i— > QXQ (cp.[5]), peryjiapHO B03HHKaioiii,He b TeopnH 
eop^aHOBBix aJireSp, BBinyKJiBix KOHycoB h CHMMeTpn^ecKHx npocTpaHCTB [6]. 

B-TpeTBHx, ecjiH g - MamnTHaa cynepajireSpa JIh, to (g©k, g©k) - H30- 
Tonn^ecKaa napa. HaoSopoT, jiioSaa HsoTonn^ecKaa napa (Vi,V 2 ) TaKaa, mto 
dim Vi = dimV2 = n\m, aBJiaeTca MamHTHoe cynepajireSpoe JIh c aSejieBoe 
cynepajireSpoe JIh g = k n l m . 

B-MeTBepTBix, otm6thm, hto MeTHBie cynepeop^aHOBBi napBi aBJiaiOTca eo- 
p/iaHOBBiMH [7] , a He^eTHBie cynepeop^aHOBBi napBi — aHTHeop^,aHOBBiMH [8] . 

B-naTBix, ecjiH xapaKTepncraKa ochobhoto nojia SojiBnie ^Byx, to H30- 
TonH^ecKHe napBi Ha^ejiaiOTca CTpyKTypoe cynepeop^aHOBBix nap npn H3M6- 
HeHHH cyneprpa/tynpoBKH Ha npoTHBonojio>KHyio, h vice versa. TaKHM o6pa- 
30m, b 3tom cjiy^ae hhcto ^eTHBie H30TonHMecKHe napBi OTO>K^];ecTBJiaiOTca c 
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aHTHeop^aHOBbiMH napaMH. CznaaKo, aHTHeop^aHOBM napBi Ha^ nojieM xapaK- 
TepHCTHKH rb& npe,nocTaB jihiot npHMep tskhx nap, He aBJiaionrHxca H30- 
TonH^ecKHMH (cp. 3aMenaHHfl b [1,3]). 
Pa36epeM npuMepbi H30Tonnq:ecKHx nap. 

Bo-nepBBix, ecjiH g - - cynepajireSpa JIh, to napa (g, k) Ha^ejiaeTca ec- 
TecTBeHHoe CTpyKTypoe H30TonHMecKoe napti. Bojiee Toro, HeKOTopbie (jih- 
HeeHbie) ny^KH cynepajireSp JIh q\ Ha^ nojieM k (A G k n ) MoryT paccMa- 
TpHBaTBca KaK H30TonHMecKHe napti (Vi,V2), r^e V± ~ Q\, V 2 — k n , npn 
BBinojmeHHH HeKOTopbix ycJiOBHe corjiacoBaHHa Ha cynepKOMMyTaTopbi ((}— 
3aMKHyTOCTb). Hhcto MeTHbie g — 9KBHBapHaHTHBie cjiy^ae (jineBBi g-ny^KH) 
H3yMajica b paSoTax [9, nap. 3; 3,ann.A], 

Bo-btopbix, MHoroMHCJieHHBie npHMepbi MeTHBix H30TonHMecKHx (aHTHeop- 
^aHOBBix) nap paccMaTpuBajincB b paSoTax [1,3]. HeKOTopbie H3 hhx OTBe^a- 
iot MarHHTHBiM aJireSpaM JIh (T.e. hhcto mcthbim MaraHTHBiM cynepaJireSpaM 
JIh). 

B-TpeTBHx, hm66t MecTO cjie,nyioH],aa TeopeMa. 

TeopeMa 1A. Cymecmeyem nfrnib 6ecK0HeuHux cepue u3omonuuecKux nap: 

(1) u3omonuHecKafr napa g\(n,m), o6pa3oeannasr Mampuv,aMU ^ 

X Y \ ^ , , 

2 I «3 Mat(n]m); 

(2,3) u3omonuHecKue napu osp ± (n,m), srejismv^uecsr nodnapaMU u3omonunec- 
Koe napu g\(n,m), eudejisreMUMU ycjioeujrMu: A 1 = —A, D l = D, B l = ±C, 
X 1 =X,W t = -W, Y l = ±Z; 

(4) u3omonuHecKafr napa q(n), frejifnouifOfrcfr nodnapoe u3omonwHecKoe napu 
gl(n, n), eudejifreMoe ycjioeuffMu: A = D,B = C,X = W , Y = Z ; 

(5) u3omonuHecKOfT napa osq(n), frejifmw,aftcff nodnapoe u3omonunecKoe napu 
q(n), eudeAsreMoe ycAoeustMu: A 1 = A, B f = —B, X 1 = —X, W f = W . 

KoHe^HO >tce, yTBep>K^;eHHe TeopeMBi He orpaHH^HBaeT KJiacc H3oronEraec- 
khx nap naTBio nepeMHCJieHHBiMH cepnaMH. HanpHMep, .HJia jiioSbix ,HByx 
3 jieMeHTOB A h B H30TonHMecKoe napBi (Vi,^) (A G V±, B G V 2 ) npoc- 
TpaHCTBa V? = {X G Vi : [A,X] B = 0} h K> f = {Y G V 2 : [B,Y] X = 
0} o6pa3yiOT H30TonEraecKyio no^napy (V 1 , V 2 ) napBi (Vi,V 2 ) (^aHHaa koh- 
CTpyKntia npe^CTaBJiaeT unrepec b KOHTeKCTe paSoTBi [10]). Hhcto ^eTHBie 
H30TonH^ecKHe napBi yKa3aHHBix cepue (a TaioKe .apyrne npuMepBi) paccMa- 
TpHBaxtHCB b paSoTe [1]. 

B-MeTBepTBix, HMeeTca pa,n HeTpuBnajiBHBix SecKOHe^HOMepHBix H30TonH- 
MecKHx nap. 

TeopeMa IB. napu (W(n\m), 0{n\m)), (K(2n+l\m), 0(2n+l\m)), (M (n), 0(n\ 
n + 1)), (H(2n\m),0(2n\m)), (Le(n),0(n\n)) srejifnomcsr u3omonuuecKUMU napa- 
mu, zde 0(n\m) - npocmpancmeo (popjuaAbHux cmenennux psrdoe om n nem- 
hux u m HeuemHux nepeMennux, W(n\m), K(2n + l\m), M(n), H(2n\m), Le(n) 
- cynepame6pa JIu tpopMcuibHux eenmopHux nojiee, KonmaKmnasr u HenemHOM 
KOHmaKnmafr cynepame6pu JIu, cynepame6pa KOHtfiopMHO-zaMUJibmonoeux een- 
mopnux nojiee u ee neuenmue ananoz [11], coomeeu,meeHHO. 

napu (Vect(M),C(M)) (Vect(M) © 0(M),0(M)), zde M - npouseojibnoe 
cynepMHOzoo6pa3ue, O(M) u Vect(M) — npocmpancmea (f}yHKV,ue u eenmopHux 
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no/iee na h&m, coomeemcmeenno, sreAsrwmcsr u3omonunecKUMU napaMU, npu 
amoM mochcho ozpanuHumbcsr KonmaKmnuMU uau KOHtpopMHO-zaMUAbmonoeuMU 
eenmopHUMU noAHMU (ucnoAb3ysr e CAyuae nepeoe napu omo6paaiceHue npoc- 
mpaHcmea coomeemcmeytou^ux eeKmopnux nojiee na npocmpaHcmeo du^epen- 
v,uaAbHux onepamopoe nepeozo nopfrdna, annyAupyiou^ux coomeemcmeywu^yw 
(popMy). B HacmHocmu, u3omonuHecKUMU napaMU sreAsnomcsr (/C(n), 0(S 1 ^ n )) u 

(/C + (n), 0(S^ n )), zde IC(n) u IC + (n) (n = 1,2,3,) — cynepaAze6pu Heee-IHeapu,a 
u PaMona (npu n = 1) u ux eucmue anaAozu, 0aKmopu3oeaHnue no u,enmpy, 

a 0(S^ n ) u 0(S^ n ) - - npocmpancmea (jiyHKi^ue na cyneponpyotcHocmfrx S^ n u 

nodnpyueHHux na paccAoenue Me6uyca cynepoKpyotcnocmfrx S^ n (cMompu [11]). 

Bbijio 6bi HHTepecHo onucaTB neHTpajiBHBie pacniHpeHHH SecKOHe^HOMep- 
hl.ix HsoTonn^ecKHx nap TeopeMM IB, a Taiofce "H30TonHMecKHx nap tokob" 
BH/i,a (Map(S 1 , Vi), Map(S 1 , V2)) ((Vi,V 2 ) - H30TonEraecKaa napa), hx MHoro- 
MepHLix m cynepoSoSnjeHHe (S 1 3aMeHaeTca Ha npoH3BOJiBHoe cynepMHoroo- 
6pa3He M). 

KaK OTMe^ajiocB BBinie, npHMepBi MaraHTHBix ajireSp Jim co,a;ep>KaTCH b 
paSoTe [1]. YKajfceM TaioKe, mto ncuiynpocTaa ajireSpa Jim g HBJiaeTca Mar- 
HHTHoe ajireSpoe Jim c H30KOMMyTaTopaMH [X, Y]u = ±(X, U)Y =F (U, Y)X , 
iyje (•, ■) - - SHJiHHeeHaa (|)opMa KHJiJiHHra. MarHHraoe ajireSpe Jim sl(2, C) 
OTBe^aeT H30KBaTepHHOHHaa H30TonEraecKaH napa (cm. [1]). 

KpoMe Toro, npHBe^eM npocTyio KOHCTpyiorHio, ^onycKaroniyio Henocpe^;- 
CTBGHH06 cynepo6o6ni,eHHe. A hmghho, ecjiH g - - ajireSpa Jim c HHBapH- 
aHTHoe CHMMeTpnMecKoe 6hjihhggho6 (popMoe r] a p m CTpyKTypnuMH KOHCTaH- 
TaMH c^p, c a/ 3 7 = Ic^pri^s, to (g, >S 2 (g)) - - H30TonHMecKaa napa c H30KOMMy- 
TaTopaMH: 

r,ne {e Q }, {m a p = mp^} - - 6a3HCBi b g m >S 2 (g), cooTBenTBeHHO. IIpH 3tom, 
(g, S 2 (q) / S 2 (g) a ) TaK/KG aBJiaeTca H30TonirqecKoe napoe. 

2. IIpe,zi;cTaBJieHii.H H30TonHMecKHx nap: onpe/i;ejieHHii h npuMepti. 

Onpe/i;ejieHHe 2. IIpedcmaejieHueM u3omonuuecKoe napu (V\, V 2 ) e AuneenoM 
cynepnpocmpaHcm.ee H Ha3BiBaeTca napa (Ti,T 2 ) (mcthbix) OTo6pa>fceHHe Tj : 
Vi I— > End (if) TaKHx, mto 

Ti([X, Y] v ) ^(X^iU^Y) - AxurT^Y^iU^X), 
T 2 {[U, V] x ) =T 2 (t/)T 1 (X)T 2 (F) - AuxyT^U^X^iV), 

rp,e X, Y G Vi, U, V G Vi- IIpe^CTaBJieHHe H30TonnMecKoe napbi (Vi,!^) B 
jiHHeeHOM cynepnpocTpaHCTBe H Ha3BiBaeTca p acumen AennuM (split), ecjiH m 
tojibko ecjiH H = Hi © Hi m 

(VX G Vi) T X (X)\ H2 = 0, T X {X) : H x » H 2 , 
(VU G V 2 ) T 2 (U)\ Hi = 0, T 2 {U) : H 2 » H x . 
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IIpuMep 1. P acumen a ennue npedcmaejienufr co cmapmuM eecoM (Highest weight 
split representations) . 

Ecjih HsoTonH^ecKaa napa (Vj.,!^) Z-rpa,zryHpoBaHa (T.e. V\ = ©jg^^M' 

V 2 = (B ieZ V 2ii , [Vl^VijIv^ C V hi+j+k , [V 2 ^V 2 , j }v 1 , k C K 2 ,i+j+fc) H H30TOHH- 

MecKaa napa (V^o, ^2,0) TpHBHajibHa, to mojkho paccMaTpHBaTb pacrnenjieH- 
Hbie npe^CTaBJieHHH napbi (Vi,V2) co CTapniHM BecoM. IIpocTpaHCTBa Hi h 

i?2 HOpOK^aiOTCfl CTapHIHMH (BaKyyMHblMH) BeKTOpaMH |0) 1 G i?i H |0) 2 G i?2 

xaKHMH, hto (VX G V^X^ = Xi(X)|0> 2 , (W G ^2,o)X|0> 2 = X2(^)|0) 1 , r^e 
X* e V£ , (VX G Vi -ipflO)! = 0, (V*7 G y 2) _;)X|0) 2 = (i > 0). OcTajibHbie 

6a3HCHBie BGKTOpBI B Hi H H 2 HMGIOT BHfl UjXj . . . UlXi\0) 1 HJIH Uj + iXjUj . . . 
XiUl\0) 2 H Xjt/j . . .XiUl\0) 2 HJIH Xj + lUjXj . . . t/lXl|0) 1 , COOTBGTCTBGHHO, T^e 

Xi, . . .X,-,X, + i G i>o Ui,...Uj, U j+ i G i>o V2,;. 

HpuMep 2. HndyVjUpoeanHue pacv^enjieHHue npedcmaeAemur. 

KoHCTpyKBHH npHMepa 1 Henocpe^CTBeHHO oSoSraaeTca, npe,nocTaBJiaa aHa- 
jiorn HH/(y u,Hp ob aHHBix npe^CTaBJieHHe. 

A HMeHHO, nycTB (Vi, V 2 ) — H30TonH^ecKaa napa, (V° ,V 2 °) — ee H30Tonn- 
MecKaa no^napa h T° = [T°,T^) - - npe^CTaBJiemie (V°,V 2 °) b npocTpaHCTBe 
H° = Hi © H 2 . Tor^a mtokho paccMOTpeTB HH,aynHpoBaHHoe pacraenjieHHoe 

npe/iCTaBJieHHe T = (Ti,T 2 ) = Ind|y L c ,'^o)(Ti > , T 2 ) napbi (Vi, V 2 ) b npocTpaHCTBe 
H = Hi®H 2 , trq Hi — nopo>K^;eHO UjXj . . .UiXi\v) 1 h Uj+iXjUj . . . XiUi\v) 2 , 
b to BpeMH KaK H 2 nopo>K^i,eHo XjUj...XiUi\v) 2 h Xj+iUjXj . . . UiXi\v) 1 
{Xi,...X 3 ,X J+ ieVi- Ui,...Uj,U j+ ieV 2 ; \v) 1 eH{, \v) 2 G H 2 ). 

IIpe^CTaBJieHHH co CTapniHM BecoM h HH,aynHpoBaHHbie pacrnenjieHHbie npe- 
^CTaBJieHHa MoryT Sbitb nocTpoeHBi ^jih h30tohhm6ckhx nap na™ cepne Teo- 
peMBi 1A. Otmgthm TaK>*ce, mto mo>kho paccMaTpHBaTb h KOHCTpyKirnio reo- 
MeTpH^ecKHx npe^CTaBJieHHe no aHajiorHH c [1]. 

K co>KaJieHHio, aBTopy H6H3B6CTHO, mto CJie^yeT cmhtstl (Ko)roMOJiorHaMH 
H30TonHMecKHx nap, ho 9th oStGKTBi, Ha^JiejfcaHTHM o6pa30M onpe^ejieHHBie, 
HecoMHeHHo jio jDKHBi npe^CTaB jihtb HHTepec (cp.[12]). 

IIpe^CTaBJieHHa HsoTonn^ecKHx nap (g,k), ac coithhpob aHHBie c ajireSpaMH 
JIh g, paccMaTpHBajiHCb b paSoTe [3]. IIo Kaat^oMy npe^CTaBJieHHio T = 
(Ti,T 2 ) H30TonHMecKoe napbi (g,k) mojkct Sbitb nocTpoeHO npe^CTaBJieHHe T 
cynepajireSpbi JIh g: T (X) = T 2 (l)Ti(X), 1 G k, X G g. HaoSopoT, ecjin 
To — HeKOTopoe npe^CTaBJieHne cynepaJireSpbi JIh g h Q — hgbbipo>k^ighhbig 
onepaTop b npocTpaHCTBe npe^CTaBJieHna, to (Ti,T 2 ), r^e Ti(X) = Q~ x Tq{X) , 
T 2 (l) = Q (1 G k, X G g), hb jiHGTCH npe^CTaBJieHHeM H30TonHMecKoe napbi 
(g,k). B cjiy^iae Bbipo>K^i;eHHoro Q MoryT ecTecTBeHHbiM o6pa30M B03HHKaTb h 
Sojiee cjio>KHbie HejineBCKHe ajireSpaHMecKHe oStdCktm, tskhc KaK, HanpHMep, 
"KBa^paTHMHbie" ajireSpbi /KejioSeHKo (AZ n , BZ n , CZ n , DZ n ), MuKejibcoHa 
(^(g, 6), Z(g, t)) h hx oSoSraeHHH t), r^e A, HanpHMep, — KOHTparpe^H- 

eHTHaa acconHaTHBHaa ajireSpa }Kejio6eHKo) [13], ecjiH Q — t.h. ajireSpan- 
^ecKHe aKCTpeMajibHbie npoeKTop AniepoBoe-CMnpHOBa-TojiCToro [14,13]. 

3. HeKOTopbie ajireSpaH^iecKHe oSijeKTbi, CBii3aHHbie c n30TOinrviecKHMn 
h cynepeop^aHOBbiMH napaMH h MarHHTHbiMH cynepajireSpaMH. Xoponio 
H3BecTHo, no eop^aHOBoe nape (Vi, V 2 ) b npocTpaHCTBe V = Vi ®V 2 ctpohtch 
nojiapH30BaHHaa TpoeHaa cucTeMa JIh [7], a no aHTH-eop,naHOBoe nape (h, b 
TqacTHocTH, no mhcto ^eTHoe H30TonHMecKoe nape) iyi,V 2 ) b npocTpaHCTBe 
V = Vi © V 2 CTpoHTca nojiapH30BaHHaa aHTHJineBa TpoeHaa chctcms, [8] . 
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B cbok) OMepe^L. yKa3aHHBiM tposhlim chctgmbm conocTaBJiaeTca HeKo- 
Topbie KJiacc ajireSp h cynepajireSp JIh. 

AHajiorHMHaa cHTyanHH, 0Ka3L.iBaeTca, hmggt MecTO h b oSnjeM cynep- 
cjiy^ae. 

TeopeMa 2A. Ilycmb (V\,V2) - cynepeopdanoea napa, mozda npocmpancmeo 
V = V\ © V2 nadeAfremcfr cmpyKmypoe noAjrpu3oeannoe cynepAueeoe mpoenoe 
cucmeMU (onpedeAenue CMompu e [15, crap. 2786]). 

KoHCTpyKirHH nojiapiaoBaHHoe cynepjineBoe TpoeHoe chctcmbi b tohhocth 
noBTopaeT aHajiorH^HBie KOHCTpyKiiHH b mhcto mbthom h He^eTHOM cjiy^aax. 
TeM caMbiM, ^;oKa3aTejiBCTBo TeopeMBi cbo^htch k npocToe H,neHTH(f)HKanHH 
onpe^enflioiLi,Hx coothohighhc b oSohx KJiaccax amreSpaHMecKHx cncTeM. 

TaKHM o6pa30M, no KaiK^oe HsoTonnyecKoe nape MoateT Sbitb nocTpoeHa 
nojiflpH30BaHHaa cynepjineBa TpoeHaa cHCTeMa. IIpHMepBi ^jih mhcto MeTHoro 
cjiy^aa paccMaTpHBajmcB BecBMa no,npo6HO b [3]. 

By^eM Ha3BiBaTB Z 2 -rpa,ayHpoBaHHyio cynepaJireSpy JIh = 0o © 0i no_ 
jiflpH30BaHHoe, ecjiH jiHHeeHoe npocTpaHCTBo Qi /lonycKaeT pa3Jio>fceHHe 0i = 

©ST TaKoe, mto (1) $f - go-no/iMO/iyjiH Mo/tyjia 0i, (2) [fit, 81] = [9i>9i] = 
0. L[ejiecoo6pa3HO paccMaTpHBaTB ^onojiHHTejiBHyio Z2-rpa,nyHpoBKy KaK 
"no^KpyMHBaHHe" Hcxo^Hoe cyneprpa^yupc-BKH, T.e. CHa6>KaTB 01 npoTHBo- 
nojio>KHoe MeTHOCTBio. 

TeopeMa 2B. Kaztcdoe u3omonuuecKoe nape (Vi, V2) conocmaeAfremcfr noAfrpu- 
3oeaHHCur ^-zpadyupoeannafr cynepaAze6pa JIu = 0o © 0i = So © (fli" © Qi) 
maKafr, umo gt = ^1 81 = Vi- 

KoHCTpyKnHH KonnpyeT mhcto ^eTHBie cjiy^ae, no^poSHO npoKOMMeHTHpo- 
BaHHBie h npoHJiJiiocTpHpoBaHHBie Ha npHMepax b paSoTe [3]. IIo^epKHeM, 
mto ecjiH b nepBoe Mac™ TeopeMBi 2 ecTecTBemio paccMaTpuBaTB cynepeop- 
/taHOBBi napBi, to bo BTopoe — H30TonnMecKne . 

MamHTHBie nojiynpocTBie cynepajireSpBi JIh q o^H03HaMHO onpe^ejiaiOTca 
HyjieBoe KOMnoHeHToe Qo cooTBeTCTByiomee ee no TeopeMe 2B cynepajireSpBi 
JIh 0, MOHOMop(j)H3MOM g © q 1— > 0o H pa3Jio»ceHHeM Qo = (0 © 0) © tt), r,a;e to - 
no^ajireSpa b Qq, nopofyieHHaH H30KOMMyTaTopaMH. IIo^oSHBie pa3Jio>KeHHH 
HrpaiOT Ba>KHyio pojib b (popMajiH3Me KJiaccHMecKoe r-MaTpnnBi [16]. 

TeopeMa 3A. B npocmpaHcm.ee pacu^enAennozo npedcmaeAenufr u3omonuuec- 
Koe napu (Vi,V2) P^aAU3yemcfr npedcmaeAenue coomeemcmeywu^ee noAfrpu30- 
eaHHoe ^-zpadyupoeanHoe cynepaAze6pu JIu. 

Hhcto MeTHBie aHajior 9Toe TeopeMBi npHBe^eH b [3]. 

TeopeMa 3B. Ilycmb (Vi, V2) - - neKomopafr u3omonuuecK(w napa c pedynmue- 
noe coomeemcmeywmee cynepaAze6poe JIu q, p — napa6oAUuecKOfr nodaAze6pa 
e (cp. [17]) maKotr, umo dim(0i/(0i D p) = (0|1), x — xapanmep p, mozda e 
npocmpancmee npedcmaeAenufr Indp x cynepaAze6pu JIu 0, undyu,upoeannozo c 
xapaKmepa x nodctAzeSpu p, peaAU3yemcfr pacu^enAennoe npedcmaeAenue u3omo- 
nuuecKoe napu (Vi, V2). 

B cjiy^ae h30kb aTepHHOHHoe napBi (oTBe^aiomee MamHTHoe ajireSpe JIh 
sl(2,C)) KOHeMHOMepHBie no^npe^CTaBJieHHa HH/i,yii,HpoBaHHBix npe^CTaBJieHne 
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OlfflCMBaiOT BHyTpeHHIOIO CBepXTOHKyiO MarHHTHyiO CTpyKTypy CBH3cIHHL>IX co- 

CToaHHe ^Byx ^acTHii, co ciihhom. B MacTHoc™, ^eTbipexMepHoe pacmenjieH- 
Hoe npe^CTaBJieHHe co CTapniHM BecoM (1/2,1/2) (cfjyH^aMeHTajiBHoe npe,n- 

CTaB JI6HHG H30KBaTepHHOHHOe napBl) COOTBeTCTByeT nape CBa3aHHBIX MaCTHB, 

cnHHa 1/2 (cm. Hanp. [18]). KpoMe Toro, Te ate ^aHHbie xapaKrepH3yiOT BHy- 
TpeHHioio cBepxTOHKyio CTpyKTypy cKajiapHO-TeH3opHoro B3aHMo,neecTBHa 

HyKJIOHOB B HyKJIOH — HyKJIOHHBIX napax, B3aHMO,HeeCTBHa HyKJIOH — HyKJIOHHBIX 

nap, no3HTpoHHeB hjih KynepoBCKHx nap Meyaffy coSoe, a TafOfce HeKOTopBix 
4»opM HeraMHJiBTOHOBa B3aHMo,neecTBHa kb aH to b bix BHxpee b cBepxnpoBo^;- 
HHKax hjih kb aH to b bix >kh^kocthx. B cHJiy 9Toro npe,ncTaB jiaeT HHTepec 06- 
njaa 3a/jaMa H3y^ieHHa cneKTpa orpaHH^eHHe HenpHBo^HMBix npe^CTaBJieHHe 
H30TonHMecKHx nap (q © k, q © k) (g - - MaraHTHaa cynepajireSpa JIh) h 
cooTBeTCTByiomHx Z2-rpa^;yHpoBaHHBix nojiapH30BaHHBix cynepajireSp JIh q 
Ha cynepaJireSpy JIh $j©0 C jj h npaBHJi cynepoTSopa (cm. Hanp. [19]). HaH- 
Haa sa^a^a HiiecT cmbicji h ,a,jia SecKOHe^HOMepHBix H30TonHHecKHx nap (ne- 
pe^HCJieHHBix b TeopeMe 2B h "H30TonH^ecKHx nap tokob") BBH^y bo3mo>khbix 
npnjio>KeHHe k TeopnH (cynep)cTpyH ((f)eHOMeHOJiorHa ^acTHu, h cnoHTaHHoe 
HapynieHHe chmmctphh) h CTpyHHono/ioSHBix kb aHTOBBix oSt-cktob. 

4. HeKOToptie 3aMe^iaHHii. HsoTonn^ecKHe napBi (a TaK>Ke MarHHTHBie aji- 
reSpBi JIh) hbjihiotch npocTeeniHMH aJireSpan^ecKHMH o6T.eKraMH, onncBi- 
BaioniHMH HenoTeHii,HajiBHoe B3aHMO^;eecTBHe raMHJiBTOHOBBix chctcm. Bojiee 
oSnrne CTpyKTypBi — J-napBi [5], b kotopbix B3aHMo^;eecTBHe He o6fl3aTejiBHo 
jiHHeeHO, a TaK>Ke oShxhx HejiHHeeHBix kb aH to b bix (hjih KJiaccn^ecKHx) ckoSok 
(cp. Hanp. [20,21]), 3aBHcamHx ot cocToaHHe B03^eecTByion],Hx cncTeM. 
IIo^oSHBie oStdCktbi MoryT BCTpe^aTBca, HanpnMep, npn H3yMeHHH HeraMHJiBTOHOBa 
B3aHMe^;eecTBHa (MarHHTHoro ™na) kb aHTOBBix cojihtohob [22] hjih B3aHMo^;eecTBHH 
(cynep)cTpyHHBix h CTpyHHono^oSHBix o6T.eKTOB (HanpnMep, kb aHTOBBix BHxpee). 
0^,HaKo, KoppeKTHaa nocTaHOBKa npaMoe 3a^,aMH TeopnH npe^CTaBJieHHe b 
9tom cjiy^ae aBTopy HeH3BecTHa. 

Ba^cHoe HepenieHHoe npoSjieMoe aBJiaeTca rjio6ajiH3an.Ha KOHCTpyKirHH H30- 
TonH^ecKHx nap, T.e. nocTpoeHHe rjioSajiBHBix ajireSpaH^ecKHx o6T.eKTOB, 

HH(|)HHHTe3HMaJIBHBie BepCHH KOTOpBIX npe^CTaB JIHIOT CoSoe H30TOnHMeCKHe 

napBi, a TaK>Ke pa3pa6oTKa aHajiora TeopHH jih .zyia hhx. HacraBie cjiy^an, 
CBH3aHHBie c npocTeeniHMH r-MaTpn^HBiMH H30TonHMecKHMH napaMH (r-iiaT- 
Phmhbimh MarHHTHBiMH axireSpaMH JIh), no3BOJiaiOT npe^noJio>KHTB HajiH^ne 
CBH3H Me>K,ny yKa3aHHBiM cio>KeTOM h Teopnee kb aHTOBBix rpynn [23] h kb aH- 
TOBBix T-(f)yHKnHe [24]. 

no-BH/iHMOMy, reoMeTpHMecKHe H30TonHMecKHe napBi MoryT nrpaTB onpe- 
^ejieHHyio pojib TaK>Ke b 4»opMajiH3Me acHMnTOTH^ecKoro kb aHTOB amifl [20]. 

HeoSxo^HMo TaK>Ke otmcthtb B03Mo>KHBie npHJio>KeHHH H30TonHMecKHx nap 
k MeTo^y oSpaTHoe 3a^aMH pacceaHna b TeopnH HejiHHeeHBix ,a,H(f)(f)epeHnH- 

aJIBHBIX ypaBHeHHe C ^aCTHBIMH npOH3BO,a;HBIMH [25] (CM. TaK>Ke B [26] H3- 

jiO/KeHHe ,HJia chctcm HejiHHeeHBix o6bikhob6hhbix ,a,H(j)(f)epeHnHajiBHBix ypaB- 
HeHHe) nyTeM nocTpoeHna (cp.[27]) acconHHpoBaHHBix c n30TonnMecKHMH na- 
paMH aHajioroB H30cneKTpajiBHBix ^etj)opMai];He (npe^CTaBJieHHe JIaKca). 

MsoTonH^ecKHe napBi KaK ajireSpan^ecKHe annapaT onncaHHa chctcm (KaK 
KOHeMHBix, TaK h SecKOHe^HBix neno^ieK) HeKaHOHHMCKH B3aHMo^;eecTByion],Hx 
o6T.eKTOB [27] MoryT Sbitb HcnojiB30BaHBi .zyia onncaHHa CTpyKTypBi h BBiaBJie- 
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HHH CKpL.ITL.IX CHMMeTpHG CIIGKTpOB KBaHTOBBIX CHCTGM (HanpHMep, H30TOIIH- 

^ecKaa napa HeKaHOHHMecKH cnapeHHBix ocb,hjijihtopob [1,3,27] - cneicrpoB 

OCnHJIJIHTOpHOrO THna [28]). IipH 9TOM cyLtiecTBeHHyio pOJIB .zlojdkhbi HrpaTb 

o6tj6ktbi Sojiee cjio>KHoro KOMSHHaTopHoro THna, MeM onucaHHBie BBinie npe,n- 
CTaBJieHHa H30TonHraecKHx nap, TaKHe KaK, HanpHMep, zpatp-npedcmae/ieHusr, 
T.e. coBOKynHocTH OTo6pa>KeHHe {Tf, a = 1, . . . N±; T-f, (3 = 1,... N 2 ; Tf : V\ 1— > 
End(fT), if : V 2 i-> End(fT) TaKHX, HTO 

^2 

2? ([X,Y]eO =Y,V aP {T? {X)T${U)T?{Y) - A XUY T?{Y)T%{U)T?{X)), 
p=i 

2^ ([17, V]x) = E Q*fi{Tf(U)T?(X)l${V) - A UXV T%{V)T?{X)T?{U)), 

a=l 

r&e X,Y eVi, U,V &V2, V a Q — ^Be MaTpnnBi JVi x N 2 . 

HaJIHMHe nO^oSHBIX KOMSHHaTOpHO — HeTpHBHaJIBHBLX bbicluhx aHajioroB 

npe^CTaBJieHne HBJiaeTCH OTJiHMHTejibHoe h cnen.H(f)HMecKoe no cpaBHeHHio c 
oSbmhbimh ajireSpaMH MepToe ajireSpan^ecKHx nap. 
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